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ABSTRACT

The dimension-free L?-maximal inequality for convex symmetric bodies ob-
tained in (2] is extended for p >3.

1. Introduction

The results presented here are a continuation of the work [7], [2], [3] on the
behavior of high dimensional maximal functions. Let B be a convex symmetric
body in R" and define the corresponding maximal function

Mi(x) = Mef (5)= sup g |, Ifx+0)ldy;  fELLRY).

The main result of [2] asserts then the existence of an absolute constant D
satisfying

(1) | Msf |l.2a = D||f |2

which we write shortly || Mz |... = D. Of course, by interpolation and the obvious
L"-bound, (1) also implies

@) Mgl =D  if2=p=co,

This paper deals with the dependence of the bounds when p < 2. Consider the
“diadic”’ maximal operator

Mnf(x)=§ggﬁ§fs [f(x +2y)|dy.
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Obviously M,f = Mf. The following fact is shown in the next section.

THEOREM 1. For 1<p <, there is a constant C, such that

®) IMifl, = G lIf,
and where C, is independent of the body B and the dimension n.
Theorem 1 is exploited to derive

THEOREM 2. For p >3, there is a constant C), satisfying

@ IMfll, = Mafl, = Cil £l
and which is again independent of B and the dimension n.

This result brings further progress on the problems considered in [7], where
these investigations were initiated.

Theorem 2 is easily deduced from Theorem 1 and the next lemma, proved in
Section 3.

LEmMMmA 1. If 1<q<p=2and p>3/(1+1/q), then
IMll—p = Clp, @)l My lg% 2.

In the proofs of both Theorem 1 and Lemma 1, Fourier analysis will be
essentially used.

Denote (P,)o the Poisson semigroup on R", thus P,(£)= e "¢ Recall the
maximal and g-function inequalities (see [4], section 2) for 1 < p <<o:

6) suplf+ 2./ =Co =111l
IR (IR
©) = c-1"ifl,

where u(x,t) = (f * P,)(x) and C is a constant independent of the dimension n.

REMARKs. (1) In several cases, the restriction p >3/(1 + ¢ ') in Lemma 1 can
be relaxed, improving on the condition p >3 in Theorem 2.

(2) The author has previously proved Theorem 1 for the special case of the
Cartesian cubes [—3,5]". In this argument, geometric properties of the cube
played a rdle.

(3) The numbers | M ||,—., and || M ||,., are preserved when replacing the body
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B by an affine image v(B), v € GL(R"). For instance,
M,)f = Mp(fov)e(v™).

Hence, by the results of [2], we may and do assume that the Fourier transform of
the indicator function yg satisfies the properties

™) |Xa (€)= C(L -] €7,

®) |1-xs(¢)|= CL -|¢]

and

©) (VXa(£),6)|=C,  forall¢ ER”

where L = L(B)is a number dependent on B. Here and in the sequel, the letter
C will always stand for absolute constants.

Only properties (7), (8), (9) will be used in proving Theorems 1 and 2 (cf.
remark at the end related to the limitations of this method).

2. The estimates for the diadic maximal operator

In this section, Theorem 1 will be derived. Let the body B be fixed and assume
(7), (8), (9) valid. Our purpose is to prove a priori inequalities on the numbers
A(p,q) defined as the best constant fulfilling the inequality

(10) “(Elﬁ*()(e)zf I")”q (ZIf,-I")”q’p

where in general K,(x)=t""K(f 'x). Here 1 < p < and 1 = q = . Theorem 1
thus consists in finding an absolute bound for A(p)= A(p,~), which is a
decreasing function of p on ]1,%]. Of course, we may suppose f; = 0in (10). Note
that by duality

péA(p,q)‘

(1) Ap)=Ap'®)
and by the interpolation property (see [1] for instance) L5, = [L., L% ], also
(12) A(P2)=A(p1)"A(p=)"

Suppose p = 2. By (11), (12) and (2) asserting that A (p',) = D, we may write
(13) A(p,2)= D" A (p,*)".

This fact will be essentially exploited in the sequel.
The aim of the following reasoning is to get a reverse inequality, estimating
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A(q)in terms of A (p,2) for p < q. Define K = y — P. with L as in (7), (8). Fix a
positive integer s. Then

Mf= §gglf*(thf|

(14) 172 12
=(Slafekal) +(Slg=KeF) +suplf+ri
1 ] >

denoting
Af=(f*Pra)—(f*PrLy+) and g =f-Af.

We analyse the contributions of the three terms in the right member of (14). By
definition

| sae2|(Siasr)”

¥ M(Z (P * Aif)z)llz

_ ("7 (4P,
Aif - szi" ( ot f dt

it follows from the Cauchy-Schwartz inequality and (6) that

(a7 xr)”

(15)

Since

a4 (L)
§C X ap’f‘ tdt ,

”(E'Aff P)” Hé Cp=17sf

A similar estimate holds for the second term in (15). Thus, denoting p the
Lebesgue measure on R,

a6 u|(Tlafkab) > 1] c@amne-vra iy, a>o

By Parseval’s identity

(3]
= (Slg ko) {[IFOF[ S11-e s e ipiR Q)T |ag)”
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Since, by (7), (8),

k@)= c-—LlEL

1+ L*[£f

one easily checks the pointwise inequality
21— e P R (2)f = €2
1

where ¢ >0 is some constant. So

(Sia k)"

=crifk,

(17) w[(Sls ekat) > a]<car sty

From (5) the distributional inequality on the last term in (14) is immediate. From
the estimates (16), (17) there follows

(18)  uIMf>A]=ClA@ P - 1)'sA7If[, ) + CL27"A7f|LF-

Since | f * (xa): | = || fll-, we may replace in the right member of (18) the function f
by

f* = fxusan-
Notice that since p <2

aHrkrza(5) 7 [1rrzeaie Ly,
(18) becomes
kIt > 212 C - 1A G2y 1o i) a1y,

From the inequality

Choosing

logx=Cr'x" (x>2,7>0)
we get for fixed 7> 0 using also (13)

19) AulMif>A]= Cp -1 A Y IR I



262 J. BOURGAIN Isr. J. Math.

where
g=p+pl-p)r
Introducing the Lorentz-norms L*'(R") and L*"(R"), (19) means that

IMiflloe= C(p = 1)""(q — p) ""APY" || fllar.

Hence, applying the Marcinkiewicz interpolation theorem for suitable values
of ¢ in the previous inequality,

20)  IMfl.=Cp-D'(qa-p)"A@)"Ifl. @zq>p>1).
It follows from the definition of the numbers A (q) and (20) that
1) A(@=Cp-1"(q-p) A"

From this fact the proof of Theorem 1 will easily be completed. It is easily seen
that supi<,=,(p — 1)A (p) < » (from [7] this expression can in fact be bounded by
log n).

Denote T the smallest constant such that A(p)= T(p — 1) and choose p
satisfying A(F)>:T(p —1)°. If in (21) we let ¢ = p and p =i(1 + p), then

JE-10 = CE-1 AR = CH- 1) T (p - 1)

from whence
T=C.

This ends the proof of Theorem 1.

3. Proof of Lemma 1

For r=1,2,..., define the auxiliary maximal operators
= __1__ — [Hilr. =
Mf= S’lElP Vol B J’B f(x +ty)dy where I, ={2'";j€Z} and f=0.
For r =1, the diadic maximal operator considered above is obtained. Further

22) Mf = lim M,f§M1f+s2|M2mf— Mof|.

' By convexity and definition of | ||, , it suffices to check this for f of the form | A |/*y,. But then,
this is just (19).
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It is easily verified that

(23) IM.f — Mf|= sup

v |, U 2=+ oy |

From (22) and interpolation, it followsfor 1< g <p=2,p ' =(1—-0)q~' + 63,

) IM e = M 3 M 2 M s,
defining

M:f = §ggl[x3 = (xa )2 ), * f].
Splitting I, = UL, I, I'= {2, j € rZ+ a}, it is clear that

IMflle = rl M la—all £

and therefore also

(25) IM:

PR 2’” M, ”q—*q'

To obtain the L*-bound, we invoke the following majoration proved by Fourier
analysis (see [2]).

LeMMA 2. Consider a kernel K € L'(R") and introduce the quantities

o= sup [R@ B= swp [(VK&.O (€L
Then
20 suplf + K.I| = TNl
where

K(x)=t"K(t 'x) and T(K)= }; a)(a; + B;)".

Of course we apply this lemma for K = K, = ys — (x5 ).»>. From (7), (8) and
(9), we easily get

R©) =120~ @701 [ 10208, 0)di <G,

[K(&)|=1x: ()| + 22" 8)| = CEILY,
IK@)|=]1- @) +]1- %278 = Cl£|L,
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and hence
1 LY r
I(K)=C ( ) < clogr
(K) ,.z_:mmm yivrw) =6V
@7) M sa = Cls-ﬁr—’ :

Substituting (25), (27) in (24) we get

o 2\ 812
IMl-= | 52 (5) " Mz co.imli,
provided 8 >3, which is the condition p > 3/(1 + 1/q). QED

REMARKS. (4) The method applied above in itself does not allow one to
remove the restriction p >3 appearing in the statement of Theorem 2. Indeed,
only properties on the kernel K,

K =0,
IR@©)|<|el"s  1a-KE)ls|él,
KVK(£),6)]<C,

were exploited.
If K now stands for the normalized surface measure of the 2-sphere $® in R?,
previous conditions are fulfilled while the maximal operator

Mf = supj |f(x +ty)|o(dy) (o =surface measure)

is unbounded on the space L**(R’) (see [5]).
(5) If now the conditions on K listed in (4) are replaced by

K=0,
IR@IsAlel™;  |1-K@)|=Al¢],
(VK (), &)= A,

where 1 =1,2,..., then more generally for p > (n°+4n - 2)/(n*+2n - 1),

e8) suplf K| | = (APl

where ¢ (A, p) does not depend on the dimension. The proof of (28) is an easy
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modification of Lemma 2 in this paper, involving the higher derivatives
VK, [(at.
From (28), Theorem 2 may be improved in various cases. If, for instance,

B=B,=[xER;Z2x’=1] (s=12,..)

we get

IMsfllo = Cp.s)ifll,  ifp>1

extending the results of [7] (section 4).
It turns out however that the condition

|Xs (€)= Al€

(Vol B =1, A bounded for increasing dimension) is already quite restrictive for
the geometry of B.

-2
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